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A so lu t i on  is g iven for  the p r o b l e m  of hea t  p r o p a g a t i o n  a long  s e m i b o u n d e d  and bounded rods  
with a c o n s t a n t - p o w e r  hea t  s o u r c e ,  with and wi thout  c o n s i d e r a t i o n  of the  t r a n s f e r  of hea t  
f r o m  the s ide  s u r f a c e  fo r  a f in i te  r a t e  of hea t  p r o p a g a t i o n .  

T h e r e  a r e  n u m e r o u s  s o l u t i o n s  [1-3] for  the  p r o b l e m  r e l a t i n g  to the p r o p a g a t i o n  of hea t  in bod i e s  o r  in 
a s y s t e m  of b o d i e s  unde r  v a r i o u s  b o u n d a r y  cond i t i ons .  As  d e m o n s t r a t e d  in [4], in p r i n c i p l e  any  such  s o l u -  
t ion m a y  be used  to deve lop  a m e t h o d  for  the  d e t e r m i n a t i o n  of the t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  of v a r i o u s  
m a t e r i a l s  under  the  cond i t i ons  of the n o n s t e a d y  p r o b l e m ,  which  m a k e s  i t  p o s s i b l e  to u n d e r t a k e  an i n t e g r a t e d  
s tudy .  C o m m o n  to th i s  c l a s s  of p r o b l e m s  is  the a s s u m p t i o n  tha t  the r a t e  of hea t  p r o p a g a t i o n  is  i n f in i t e ly  
l a r g e ,  a s  a c o n s e q u e n c e  of which  the b a s i c  h e a t - c o n d u c t i o n  equa t ion  i s  w r i t t e n  as  

OT 
-- av2T, (1) 

av 

i n s t e a d  of the  m o r e  e x a c t  h y p e r b o l i c  h e a t - c o n d u c t i o n  equa t ion  [2] 

OT 02T 
O---~ + ~r 0~ = av~T, (2) 

which  t a k e s  into c o n s i d e r a t i o n  the f i n i t e n e s s  of the r a t e  of hea t  p r o p a g a t i o n .  

Such an a p p r o a c h ,  a t  n o r m a l  t e m p e r a t u r e s  and p r e s s u r e s  (for g a s e s ) ,  is  j u s t i f i e d  by  the fac t  tha t  un- 
d e r  t h e s e  cond i t i ons  the r e l a x a t i o n  t i m e  ~-r is  on the o r d e r  of 10-~-10-31' s e c  and,  c o n s e q u e n t l y ,  the e f f ec t s  
a s s o c i a t e d  with  the  f i n i t e n e s s  of the r a t e  of hea t  p r o p a g a t i o n  wi l l  not  m a r k e d l y  a f fec t  the e x p e r i m e n t a l  r e -  
s u l t s ,  b e c a u s e  c o n t e m p o r a r y  t e c h n i q u e s  a r e  not up to the t a s k  of s p o t t i n g  t h e s e .  

We f ind a r a t h e r  unique s i t u a t i o n  in the  r e g i o n  of low and s u p e r l o w  t e m p e r a t u r e s  and g r e a t  r a r e f a c -  
t ion (for g a s e s ) .  Since  the  r e l a x a t i o n  t i m e  ~- ~ A / U ,  wi th  a change  in t e m p e r a t u r e  i t  v a r i e s  a s  ~ T  -3 [5], 
whi le  wi th  a d r o p  in p r e s s u r e  i t  v a r i e s  a s  ~ p - 1  [6]. Unde r  t h e s e  cond i t i ons  the  t h e r m a l  d i f f u s i v i t y  a r e -  
m a i n s  e i t h e r  c o n s t a n t  (when ~ ~ T 3 a n d c  ~ T 3) o r  i t  v a r i e s  in p r o p o r t i o n  t o T  -2 (when ~ ~ T  a n d c  ~ T 3 ) .  

A l l  of th i s  l e a d s  to the  fac t  t ha t  with a d r o p  in t e m p e r a t u r e  and p r e s s u r e  the s e c o n d  t e r m  in the  l e f t -  
hand  m e m b e r  of (2) b e c o m e s  c o m m e n s u r a t e  in t e r m s  of magn i tude  with the r i g h t - h a n d  m e m b e r .  C o n s e -  
quen t ly ,  in s o l v i n g  h e a t - c o n d u c t i o n  p r o b l e m s  in the  r e g i o n  of low t e m p e r a t u r e s  and p r e s s u r e s  we m u s t  use  
(2), whose  p a r t i c u l a r  s o l u t i o n s  m a y  s e r v e  as  the b a s i s  fo r  the d e v e l o p m e n t  of a m e t h o d  of i n t e g r a t e d  d e t e r -  
m i n a t i o n  of the t h e r m o p h y s i c a l  c h a r a c t e r i s t i c s  fo r  v a r i o u s  m a t e r i a l s  in the g iven  r a n g e  of p a r a m e t e r  v a r i a -  
t i ons .  

Le t  us c o n s i d e r  the  p r o b l e m  of the h e a t  conduc t ion  of a s e m i b o u n d e d  r o d  with  a h e a t - i n s u l a t e d  s u r f a c e  
in the  c a s e  of a f in i te  r a t e  of h e a t  p r o p a g a t i o n .  The b a s i c  h e a t - c o n d u c t i o n  equa t ion  (2) is  then w r i t t e n  as  

OT (x, ~) O~T (x, ~) 02T (x, ~) 
0~ ~ "or O'~ ~ - a (3) 

Ox ~ 

w h e r e  we a s s u m e  tha t  ~-r and  a a r e  i ndependen t  of t e m p e r a t u r e .  The b o u n d a r y  cond i t ions  of the  p r o b l e m  
a r e  
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q =  _ k  { 0~S.)/T\ = const, (4) 
X ~ 0  

T(x ,  0) = T(oo, x) ---- To = const. (5) 

M o r e o v e r ,  for  (2) to be a t r a n s p o r t  equa t ion  and to s a t i s f y  the law for  the  c o n s e r v a t i o n  of e n e r g y ,  the 
so lu t i on  m u s t  s a t i s f y  the cond i t ion*  

( Lo 0 ,0) 
We s e e k  the so lu t i on  t h r o u g h  use of the  L a p l a c e  t r a n s f o r m .  A p p l y i n g  the L a p l a c e  t r a n s f o r m ,  we obta in  
the  so lu t i on  in the fo l lowing  f o r m :  

/ 

r (x, r0 = 0  hen < V (7) 

k V~rr e I o 2~r - / dt (8) 

*d 
when ,>v d 

As we can  s ee ,  the  p r e s e n c e  of a f in i te  r a t e  of hea t  p r o p a g a t i o n  d e t e r m i n e s  the  e x i s t e n c e  of a fu l ly  
d e t e r m i n e d  va lue  fo r  the d e l a y  t i m e  Td, and i t  i s  on ly  on e l a p s e  of th i s  t i m e  tha t  the  t e m p e r a t u r e  of the  
body beg ins  to  change  at  a g iven  point .  

When the s u r f a c e  of the r o d  is  not  h e a t - i n s u l a t e d  and,  b e a r i n g  in mind  the c o m b i n e d  t r a n s f e r  of hea t  
by  convec t i on  and r a d i a t i o n ,  a c c o r d i n g  to [2], in t e r m s  of an a r b i t r a r y  c o e f f i c i e n t  a = aconv  + r  w h e r e  
or* = col is the r e d u c e d  c o e f f i c i e n t  of r a d i a t i o n ,  and b(T) i s  s o m e  funct ion dependen t  on the t e m p e r a t u r e s  of the 
r o d  and the  m e d i u m ,  the b a s i c  equa t ion  (2) can  be w r i t t e n  a s  fo l lows :  

02T (x, "0 O~T (x, "~) a [T (x, "0 - -  To]' (9) OT (x, ~) -6 x r = a 
O: 0"~ 2 Ox ~ crPh 

The b o u n d a r y  cond i t i ons  (4)-(6) r e m a i n  as  b e f o r e .  The so lu t ion  fo r  (9) w i l l  have  the  f o r m  

T ( x ,  ~)--To = 0when ~ < z ~ ,  (10) 
1; t . 

V-~S~ 2'r (~ l--4H:r (11, T(x, : ) - T o  = e " Io 

Vd 
H e r e ,  a s  b e f o r e ,  I0(z ) i s  a z e r o - o r d e r  B e s s e l  funct ion of i m a g i n a r y  a r g u m e n t .  C o m p a r i n g  s o l u t i o n s  (8) and 
(10), we s e e  tha t  the  l a t t e r  d i f f e r s  on ly  in the p r e s e n c e  of the f a c t o r  4 1 - 4 H 7  r in the  a r g u m e n t  of the  i n t e -  
g rand .  Since the a r g u m e n t  m u s t  be a r e a l  n u m b e r ,  we find the cond i t ion  

H ~  1 or ~ r ~ Z / 4 ,  (12) 
4~ r 

and if t h i s  cond i t ion  i s  s a t i s f i e d  we wi l l  have  a n o n s t e a d y  v a r i a t i o n  in the t e m p e r a t u r e  of the  r o d  as  the  
l a t t e r  is  hea t ed .  It shou ld  be no ted  tha t  unde r  o r d i n a r y  cond i t i ons ,  b e c a u s e  of the  s m a l l  magn i tude  of Tr, 

th i s  cond i t ion ,  a s  a r u l e ,  i s  a l w a y s  s a t i s f i e d .  

Hav ing  c a l c u l a t e d  the a p p r o x i m a t e  v a l u e s  of the  i n t e g r a l s  in (8) and (11) and a s s u m i n g  x = 0, fo r  
l a r g e  t i m e  i n t e r v a l s  (T - -  co) we can  f ind tha t  in the a b s e n c e  of hea t  t r a n s f e r  

IT (0, :)  -- To]~.. ~ --~ 2 __ q ] / -~ - :  , p 

which  i s  in a g r e e m e n t  wi th  the  so lu t ion  f r o m  [2], whi le  in the  c a s e  of a s u r f a c e  tha t  is  not  h e a t - i n s u l a t e d  

[T(0, z ) -  To]~o --> q V" a~i (13) 
X 

which  is  in good a g r e e m e n t ,  as  fo l lows  f r o m  the a u t h o r ' s  da ta ,  wi th  an a n a l o g o u s  so lu t i on  but  in the a s s u m p -  
t ion of an in f in i te  r a t e  of hea t  p r o p a g a t i o n .  F r o m  th i s  we d r a w  the s e c o n d  c o n c l u s i o n :  the e f f ec t  of a f in i te  
r a t e  of h e a t  p r o p a g a t i o n  on the t e m p e r a t u r e  d i s t r i b u t i o n  a long  a r o d  m a k e s  i t s e l f  f e l t  only  d u r i n g  the i n i t i a l  
p e r i o d  of the n o n s t e a d y  s e g m e n t  f r o m  ~ = ~-dto ~- = T*. The m a g n i t u d e  of th i s  i n t e r v a l  de pe nds  on the geo-  
m e t r i c  d i m e n s i o n s  and t h e r m o p h y s i c a l  p r o p e r t i e s  of the  s p e c i m e n ,  a s  we l l  as  on the i n t e n s i t y  with which  
h e a t  t r a n s f e r  t a k e s  p l a c e  be tween  the s p e c i m e n  and the a m b i e n t  m e d i u m .  H o w e v e r ,  the magn i tude  of the  
delay t i m e  ~'d i s  i ndependen t  of the h e a t - t r a n s f e r  i n t e ns i t y .  

*As  d e m o n s t r a t e d  to the a u t h o r  by  A. V. Lu ikov  and T. L. P e r e l ' m a n .  
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When s o l v i n g  the p r o b l e m  of hea t  p r o p a g a t i o n  in a bounded  r o d  (of l ength  I ) ,  to the e x i s t i n g  b o u n d a r y  
cond i t i ons  (4)- (6) we should  add the cond i t ion  d e s c r i b i n g  the exchange  of hea t  with the  a m b i e n t  m e d i u m  a t  
the end of the  rod ,  b e c a u s e  now in the  p l a c e  of (5) we shou ld  w r i t e  

T(x,  O) = T(l ,  0) = T o = const. (5') 

A s s u m i n g  for  the  s ake  of s i m p l i c i t y  tha t  the hea t  t r a n s f e r  a t  the  end of the  r o d  is  s m a l l  in c o m p a r i s o n  with  
the hea t  t r a n s f e r  a t  the  s ide  s u r f a c e ,  a cond i t ion  which  is  we l l  s a t i s f i e d  for  thin long  s p e c i m e n s  (Qfaee 

h Q f a c e / / ) ,  we w r i t e  the  b o u n d a r y  cond i t i on s  in the  f o r m  

o r  

T (/, ~) = T O = const 

The solution in transformations of the basic equation (12) for conditions (4)- (6) and (14) will be 

TL(X, s)--:To/s -- q e x p ( - - k x )  1 + e x p [ - - 2 k ( l - - x ) ]  
k)~s 1 - -  exp ( - -  2kl) 

Expanding 

1 
= t -t- ~ exp (-- 2knl) 

1 - -  exp ( - -  2kl) 

and l i m i t i n g  o u r s e l v e s  to the  f i r s t  t e r m  of the  s e r i e s ,  we find 

TL (x, s) - -  To/s - q Lks {exp ( - -  kx) + exp [ - -  (2l - -  x) k] + exp [ - -  (2l + x) kl + exp [ - -  (41 - -  x) k]}, 

w h e r e  

R e e o n v e r t i n g ,  we find 

and 

T (x, -~) -- T O = 0 when "c < ~di 

] /  1 - - 4 H ~  r V P - ~ 2  
d~ ~ dt 

2x r l 

I" P--G) dr. 
2~ r 

q a 2~ r 
v - To - 4 

when T> T~d ~. 

For the ease of a heat-insulated surface, instead of (18) we have 

/ a 2r r Io 

In (18) and (19) the v a l u e s  of Tdi a r e ,  r e s p e c t i v e l y ,  

As  we can  s ee ,  

= " ; ~ d 3 = ( 2 / + x )  " 
a 

the e x i s t e n c e  of a s u r f a c e  bounding  the length  of the r o d  l e a d s  to the  a p p e a r a n c e  of 

(14) 

(i5) 

(16) 

(17) 

(18) 

(19) 

t e m p e r a t u r e  w a v e s ,  and the change  in t e m p e r a t u r e  at  a g iven  po in t  i s  d e t e r m i n e d  by the s u m  of the so lu t i on  
fo r  an in f in i t e  r o d  and the a d d i t i o n a l  t e r m s  c h a r a c t e r i z i n g  the l i m i t e d  e x t e n t  of the  s p e c i m e n .  

a i s  the  c o e f f i c i e n t  of t h e r m a l  d i f fu s iv i t y ;  
i s  the c o e f f i c i e n t  of hea t  t r a n s f e r ;  

Cp i s  the s p e c i f i c  hea t  c a p a c i t y ;  
p i s  the  d e n s i t y ;  

NOTATION 
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h = f / P  
f 
P 
q 

T 

To 
T 

x 

7r 
~d 
F 
U 

P 
-r i = cpph /~  
l 
Q 

1s 
1s 
1s 
i$ 
is 
is 
1$ 
is 
is 
l S  

1S 

1S 

1s 
is 
is 
is 
is 

the form paramete r ;  
the c ro s s - s ec t i ona l  area;  
the per imete r ;  
the specific heat flow; 
the coefficient of thermal  conductivity; 
the tempera ture ;  
the t empera tu re  of the medium; 
the time; 
an instantaneous coordinate;  
the relaxation time; 
the delay time; 
the mean free path; 
the thermal  velocity of the par t ic les ;  
the p res su re ;  
the time constant for the p rocess ;  
the length; 
the quantity of heat. 

1. 

2. 
3. 
4. 
5. 
6. 
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